The Product and the Quotient Rule



The Product Rule

We previously learned that,
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where f and g are two differentiable functions, i.e. they have a
derivative.

and
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Is it true that (fg) =fg
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Consider f(x) = x* and g(x) = x5.
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The Product Rule

Consider f(x) = x* and g(x) = x3. Then,
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But,

f'g = (4x%)(3x?)
12x°.
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The Product Rule

/
In general <fg> £ fg.

!/
There is a formula that tells us how to find <fg> called the

product rule.



The Product Rule Formula

If f and g are differentiable functions, the derivative of their
product fg is given by the following formula, called the
product rule:
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If f and g are differentiable functions, the derivative of their
product fg is given by the following formula, called the
product rule:

/
<fg> =fg' + of
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Example 1
_ 2 X
)X
fog
f = 2x
g/ — eX
/
v = (o)
= fg'+9f
= (x*)(€") + (e")(2x)

= x%e* +2xe¥
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Example 2

fl= —(—x)2=x2=—
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Example 2 (contd)
f= —(—x)2=x"
g/ — 5X4
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Example 2 (contd)
f/ -2 _ 2 _ 1
= —(—x)"=x°= 2
g/ — 5X4

— fg/+gf/
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Example 2 (contd)
! -2 2 1
ffr= —(—x)“=x°= 2
g/ — 5X4
/
7 = (1)
= fg'+gf
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Example 2 (contd)
f = _(_X)—Z — X—2 _ %
g/ — 5X4
/
y = (fg>
= fg'+gf

= (-3)()+ (1) ()

’
= 5x*—5x3+x3+
X
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Example 2 (contd)
! —2 -2 1
g/ — 5X4
/
y = (fg>
= fg'+gf

- (13) () (1) ()
X %
= 5x4—5x3+x3+l2
%

= 5x*—4x3+ —
%
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Example 3
_ 8
y = fX(X +6)
g
f = -3
g/ — 8X7
/
v = ()
= fg'+gf

= (=3x)(8x7) + (x* + 6)(-3)
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Example 3
_ 8
y = fX(X +6)
g
f = -3
g/ — 8X7
/
v = ()
— fg/ +gf/

= (=3x)(8x") + (x* + 6)(-3)
= —24x% _3x%_18



The Product Rule Examples

Example 3
_ 8
y = fX(X +6)
g
f = -3
g/ — 8X7
/
v = ()
— fg/ +gf/

(—3x)(8x7) + (x® + 6)(—3)
—24x8 —3x® — 18
= —27x8 18



The Product Rule Examples

Note that in Example 3,



The Product Rule Examples

Note that in Example 3,

y = —-3x(x®+6)



The Product Rule Examples

Note that in Example 3,

y = —3x(x®+6)
—3x% — 18x



The Product Rule Examples

Note that in Example 3,

y = -3x(x®+6)
—3x% — 18x

y' = —27x%-18



The Product Rule Examples

Note that in Example 3,

y = -3x(x®+6)
—3x% — 18x

y' = —27x%-18
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Example 4

y = (x2+x3)(x°-2x%)
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Example 4

y = (x2+x3)(x°-2x%)
= (xB)(X°) + (x72)(—2x%) + (x3)(x°) + (x3)(—2x?)
= x®-—24x%2-2x7!
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Example 4

y = (x2+x3)(x°-2x%)
= (xB)(X°) + (x72)(—2x%) + (x3)(x°) + (x3)(—2x?)
= x®-—24x%2-2x7!

y' = 3x?4+2x+2x7?
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Consider f(x) = 7 and g(x) = V/x.
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Consider f(x) = 7 and g(x) = v/x. Then,

-G
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T ap

But,

/ 1y—1/2
g9 sx=1/



The Quotient Rule
Consider f(x) = 7 and g(x) = v/x. Then,

- @
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T ap
= —2X
But,
f 0
PV
g Ix—172
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AN
In general | — —.
J <g> 7 g

/
There is a formula that tells us how to find <;) called the

quotient rule.



The Quotient Rule Formula

If f and g are differentiable functions, the derivative of their
. f. . .

quotient g is given by the following formula, called the

quotient rule:
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quotient g is given by the following formula, called the

quotient rule:
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%
Y = 4

g
f =2
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Example 5 (contd)
f =2
g = 2x
y = gf' — g’
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Example 5 (contd)
f =2
g = 2x
f—fg
y = g = g
y = (4 +x%)(2) — (2x)(2x)
(4 + x2)2
y = 8 +2x% — 4x°

(4 + x2)2
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Example 5 (contd)

f =2

g = 2x
f—fg'

y - 9 - g

y = (4 +x%)(2) — (2x)(2x)

(4 + x2)2
, 8+2x2—4x?
V' = Taixep
y = 8 — 2x?
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Example 6
f
—~
et -1
Y = 3x12
g
f = &
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Example 6 (contd)

f = &
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Example 6 (contd)
fl _ eX
g =3
y = gf — g
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Example 6 (contd)
fl _ eX
g =3
f—fg'
y = g9 = g
y = (Bx +2)(e*) — (e* —1)(3)

(3x +2)2
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Example 6 (contd)

gf' —tg'
g2
(3x +2)(e¥) — (¥ — 1)(3)

(3x +2)?
3xe* 26X —3e¥+3
(3x +2)2
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Example 6 (contd)

gf/ _ fg/

P
(Bx +2)(eX) — (eX —1)(3)

(3x + 2)2
3xe* +2e*¥ —3e* +3
(3x +2)2

3xe¥ — e+ 3

(3x +2)2




The Quotient Rule Examples

Example 7



The Quotient Rule Examples

Example 7



The Quotient Rule Examples

Example 7

—_——
x3 —2x
y = >
X
~~
g
f = 3x°-2
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Example 7 (contd)

f 3x2 -2
g = 2x
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Example 7 (contd)

f = 3x*-2
g = 2x
y = gf — g’
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Example 7 (contd)

f = 3x2-2

g = 2x
f—fg

y = g g29
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Example 7 (contd)

f = 3x*-2
g = 2x
f—fg
y — 9 - 9
(x?)(3x% — 2) — (x3 — 2x)(2x)

(x2)?
3x4 — 2x2 — 2x* + 4x?
(x2)?
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Example 7 (contd)

f = 3x2-2
g = 2x
ff—fg
y — 9 - 9
 (x®)(8x2 —2) — (x® — 2x)(2x)
B (x2)?
o 3x*—2x% —2x* + 4x?
= (x2)2
x* — 2x2

(x?)?
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Note that,

x3 — 2x

x3  2x
X2  x2



The Quotient Rule Examples
Example 7 (contd)

Note that,
x3 — 2x
y = X2
x3  2x
T X2 X2
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Example 7 (contd)

Note that,
x3 — 2x
y = X2
x3  2x
T X2 X2
2
= X——.
X
Then
2
y = 1+p
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;o oxt—2x?
YT ey
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Example 7 (contd)

2

y' = 1+ 2
;o oxt—2x?

YT ey
x4 —2x2
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Example 7 (contd)

, x4 —2x?
(x2)?
x4 — 2x2

x*  2x2
x4 x4
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Example 7 (contd)

, x4 —2x?
(x2)?
x4 — 2x2

x*  2x2
x4 x4
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3x2 +2/x

3x2  2x1/2
_'_
% %
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3x2 +2/x

3x2  2x1/2
_|_

X X

= 3x+42x /2
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Example 8

3x2 +2/x

3x2  2x'/2
_'_

X X

= 3x+42x /2

yl — 3_ X—3/2
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y' = fg' +gf
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Example 9
7¢*
y = X6
= (7¢)(x7®)
—— N——
f g
ff = 7€
gl _ _6X—7
y/ — fg,+gfl

= (7€) (=6x77) + (x°)(7¢€")
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fg/ +gfl
(7€)(—6x77) + (x°)(7€")
_42x e 1 7x8eX
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fg/ +gfl
(7€) (—6x~7) + (x°)(7€¥)
_42x e 1 7x8eX

42e*  7e*
e
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