8 |-5 PpiME IDEALS IN POLYNOMIAL RINGS

Theorem 36  Let R be on 'mJ'caml domain ot quotient field K, and le+ X be
an Indederminode. Then we hove Hae {—ouow'mj correspondence *

pr’\me 'lo\eo.ls [T RD(] @ P('uv\e deals in ILE)G
ot condrach 4o 01nR

Mﬁ: let S be +he sct of ronzero elements in R. Then,

Rg= %-—%' seR wiHh 5’*‘0}:[‘4

where K is He quokient field of R. Also note +het,

R0, = {3%

ge RCxT  with 3-¢0§= KEX].

We know Hrere 1S a one-+o-one covrespohdencz between prime ‘tdeals 1n
KG3 ond prmes n ROXT disiont from S, +hat is, prme ideals in RIK]
Hhat infersect O, that s prime 1deals Hhet contract to 0'm R. T3

Demark: We can soy some -I-ln‘w\ﬁs about prime deals ' KEXJ and RCxQD.

_primes in ALK _primes_in RLy]

L }r\-ﬁv{rl-e(j mang moimal 1deals Ls for PCR prime, we can c)<panci
cortesponding o irred wable 4o PRCxJ L RLXD prime
polyhomials over KA L pRIX] and infiniely rmany. prime

ideals sitfing oboue PRLCX] contract

/«,?

- By Theovem 37 there cannof be a cAain

of —fhrec distinct prime 1dle alS coith +he sameé
Contractron in 2.



def: let P- Po2 P2 -->P, be a chdin of distinct prime 1d eals
descending from P. This is & chan of ler\j-(-h n. We say P has rank 2

i+ Hhere exists a chan of (er\j-l-bx n olf:SCef\ol'Mj fom P, but no lorxjcr choun .
If there exist arbvvordly lona chains descwdmg fvom P we sy P hos rank oo

Remork: +he rank of a prime P is also called +he ke’:ﬁh-l- or altitude

Note: A minmal prime has rank 0. ln an ‘m+e3ra( deman since O is ]ar'mr\e
ronk | 'Pr'lme.s are called minimal.

Theorem 38 Let P be o prime 1deal of rank 7 m R. |n the Po\ljr\om'la( r'mcc:j

RCYX] write ?P¥=PROXD, and let @ be a prime \deal that contracts 1o P
in R and cortains ¢* properly. Then,
(d) n&roank(PF)2an, and

(Y & rankl®) & 2n+| .

M'- Let P=P,2P, D --DOPF, be a chan of primes descending fromn P.

Consider +he expoansion of each P 4o RLX]; 'e. P - P.RIXJ. —then we 9et
the Cchain QDE“QP?“D"- PY. Then rank (P >n and rank (O 2w+,
Now conslder a chan descending from P=P*¥Dp' D> Py.. There cannot

ex15t a cham of -Hrree chistnct prime | deals w RLX) ch\-rac—Hf\j 1o +he

Same Pﬁme 1deal P, m R. Or\lj P¥ Contracts +o P, and +he others cordract

at most twp to ove Fo primes in R. Thus, rank (P¥) £2n and s?m'l\a.r(fj
“the ronk (D) £23ntl. O



EXERCISES

© Let+ @ be prime idleal in RIXT contracting 4o Pin R. Prove that Q
is a G-ideal %{ Pis a Gideal and @ propedy contains PRC«I.

Zo0/5

def: Let R be an in—i-fgra( domain wrth guotient field K. Then Ris a
G-domain if TFAE:
(D K is a finrtely gcnera‘fec( r‘n’\\g over R

(2) as a r‘ir\fj, £ con be 9er\era:(-ed over R bﬂ one element

def: a prime ideal P in o commutative ring R is called a Gideal if R/P

is a G-domaun

Theorem 1A Let+ R be a domain worth quotient field K. For DFueR TAE:
(> Any nonzero prime 1deal cordauns «

C2d Ar\j nonzed ideal contains a power of u ™ any G-domain contains such
0 an element 2
€3y k= ROuw ]

Theorem al: I R is an }n—lfjra( domain and X 1s an indaterminate over R,
then RUXJ s never a G-domain.

Theorem 371 Anideal I in a nng R 1S a G-idea] 7{ it is +he condfraction
of a maximal ideal in+the polynomial ring RCKJ.

M! (=) Suppose @ is a Grideal. Then by Theorem &7, @ 1s the
contraction of a maximal ideal n (RIxJ) Lyd, call i+ M. Thus MNRIX3=Q .

Since QNR=P, we have MNR=(MNRLXIINR = QOAR=P, So P is the
contraction of a maximal ideal and +hus is a G-ideal.



Now note +hat P @ = PRI E Q. Towards a cortradiction, suppose
PRCXI= Q. Then REXY/p = REX3/ppryq 2 (R/p) 0] implies $hat
(Q/P) (X] is a G-domain, & contradiction, sincea PDB”DW“M rl'nj over
an ‘integrol domain 1s nevec a &-domain . it ~ollows +hat PRIXD & Q.

(&=) Now suppase that Pis a & ideal and @ ‘Pr‘oper‘(ﬂ contains
PeXJ. We wart 4o show Qs a Gideal. since Pis a G-deal, R/P
is a G-domain, so there exists a UE€ R(p so that wue P for eue'B
prime deal P of B such~that PSS P'. Let @< RIXD be prime
such that Q£ @' Then we have PREIXIS Q£ Q' is a chain of
+hree distinet prime ideals. Note that PRCXINR=P and ANR=P,
So +he cordracton of & 4 B must pwperdy contain P. Then
UeE ANR, so une Q. Note thot UEQ, since UER D Ue ANR=P, a
Cortracliction. Thus 3 »elx] wrHh UFQ but e for every prirvvie
ideal Q! Corﬂ-ocm'mﬁ P. Rcsﬂ-o:!':o(,we C'D.V\’Hf\cl U € QCK]/& so Hhat 2 s

contotned 1n euev:j Pr'rme in RCXA ot proper(j contans Q.. So RDC'/Q
1S a G-doman anrd = ffollows “Hot Q1S o G-ideal. [



@ Le+ Q@ be a (>-ideal in RCX, ..., X1 c,or\—(-racﬁng to P in R. Proye
ronk (Q) 2 n+rank (P).

#aﬁcﬁ; we proceed bj induction. For +he base case |lef B =RLXD
be a G-ideal wrh A NR=P, Then by +the previous exercise, Pis
o G-ideal and Q2 RREOXD. Then by Theorem 38, we have
ronk( &) > |+rank(P).

Now assume that H O £RCK,, ..., X, ] 1s a G-ideal corﬂ-rac-hnﬁ o
P in R, then rank(QDN = n-| + rane(P),

Let R'= RLY, ..., %) and let QA € RLX,..., XaJ=R'CX,T be a
G-ideal C,on—l-rac—k-ir\j fo B inR. Consder O.N R'=P. sinee Qs a
G-ideal, b\‘j the previous exercise P'is a G-ideal” and PR CXIZ=Q.
since G NR=P, +hen P'NR=Ph- By mnduction hﬂpo—l-hcsfs,
rank(P') = n-(+rank ( P and b3 +he base case rank (Q) = l+rank (P').
Then we have,

rank() = (+rank (P)
> |+ =+ rank(P)

> n+ rank(P). ]



